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e the term metric space.

: Bbaw that the function d : R x R — R+ (‘ieﬁned by

d(z,y) = min {|z — y|, 1} for all . ¥ € R is a metric on R.

(X,d) be a metric space and () and (y,) be sequences of points in X which

~ converge to the points z and y in X y respectively. Prove that

nhnt;lc d(‘mﬂ-: yn) = d(.’L‘, y)

ﬁhw that, if a sequence is converges in a metric space (X, d) then it is a Cauchy
sequence. ‘

~ Is the converse true? Justify your answer,
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ii. disconnected set.

t (X,d) be a metric space. Prove that if £ C X is connected, then E is also

rove that, a metric space (X,d) is connected if and only if the only non empty

- subset of X which is both open and closed in X is itself.



(d) Let A be a connected subset of a metric space (X, d). Show that if B is a subset of
X such that A'C B C A then B is connected.

3. Define the term con};pact set.

(a) Show that the set [a, 0] is a compact subset of R with the usual metric.

(b) Let (X,d) be a compact metric space. Show that if F is a closed subsct of X then

I’ is compact.

(c) Prove that every compact subset of a metric space is bounded.

4. (a) What is meant by a function f from a metric space (X, d) to a metric space (Y, p)
is continuous at a € X?
Let (X,d) and (Y}d’) be metric spaces and let f : X —s Y be a function and

xg € X. Prove that the following statements are equivalent.
1. For each open ball B with center at f(zp) there is an open ball By with center
at xp such that By C f~1(B);
ii. For each open set U with x, € J71(U) there is an open ball By with center at

my such that By C f~1(U).

(b) Define the term complete metric space.

Let (X, dx) and (Y, dy) be metric spaces. Suppose that there is a bijection
f:X — Y such that

(a1, 22) < dy(f(o1), /(22)) < W0y (e, 22)

for all x;, x5 € X. Show that if X is complete_, then Y must also be complete.
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