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1. Define the terin Banach space.

(a) If {®1,22, -, @a} is a set of linearly independent vectors in a
normed linear space X, then there exists a number £ > 0 such that
I Zn{fl | > kz Ini], for every choice of scalars ny, 72, -
Use this result to prove the following:
i. every finite dimensional subspace of X is complete,
ii. any two norms on a finite dimensional normed linear space

are equivalent.

(b) Show that the sequence space

= {mz (z;) : z; € C, Vi EN,Z.:{;,;[ = oo}

=1

with the norm given by || = ||= Z |z;| is a Banach Space.

& i=1
Y . .
9. Define the term bounded linear operator from a normed linear space X

into a normed linear space Y.

Let T be a bounded linear operator from a normed linear space X into

a normed linear space Y. Let



1T = inf (8 2] T() 1< M ||« ||, Ve € X};
1Tl _sup || 7() I

Xlz| =

| T “3-— sup J[ T(z) || and

1T = sup

& X,“$||'—

1T (=) ||

reX\ {0} “ z ||

Show that | T' |=I| T lli=|) T ly=|| T |

3. State the Hahn-Banach theorem for normed linear spaces.

(a)

Let X be a normed linear space and let 2y # 0 be any element

of X. Prove that there exists a bounded linear functional g on X

- such that || g |= 1 and g(wo) =|| || .

4. (a)

Deduce that if f(z) = f(y) for every bounded linear functional f

on X then z = y.

Let Y be a closed linear subspace of a normed lincar space X
and zg € X \Y, and let § = inf {ly==o||: y € Y}. Show that
there exists a bounded linear functional f defined on X such that

| fll=1,f(Y)= {0} and f(zq) = 4.

Define the term linear functional.
Consider the normed linear space Cla,b], set of all continuous

functions defined on [a, b], with norm given by || £ Il= sup | f(t)|.
alt<

Ef)

]
Define f: Cla,b] - R by f(z) = / z(t)dt, V z € Cla,b).
Jb

Show that:
. i. fis bounded and linear;
i fll=(b~a).
Deﬁna the term Schauder basis in a normed linear space.

Pi;pve that the sequence {e;}32, is a Schauder basis for the se-

quencc space

F= i = () % EC,WEN,Z[:.{:,-|”< oo}, where 1 < p <
1=1

0,---),i € N.

oo and ¢; = (0,0, -+, 1%



