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EXTMT 201 - VECTOR SPACES AND MATRICES

Answer all questions

1. Define the term wvector space.
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(a) Let V be a vector space over a field I, Prove that a non-empty subset W of V is
a subspace of V' if and only if ax + fy € W, for any 2,5 € W and «, 8 € F.

(b) Let Q(v2) = {'r: +V2y:z,y€ @_} , where (Q denotes the set of all rational num-
bers. For any X,Y € Q(v/2) the operations of addition @ and a scalar multipli-

cation @ are defined as follows:
X®Y = (w14 1) + V2(x2 + 9a)

¢ and

a® X = ax + \/2_’0.»:(:3

T
'

where X =z, + sz, Y = + ﬁyg and o € @.
Prove that (@(\/i), @, @) is a vector space over Q.
(a) Define the following:
i. a linearly independent set of vectors;
ii. a basis for a vector space;

iii. dimension of a vector space.
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4.

(b) Let V be an n-dimensional vector space. Show that
i. a linearly independent set of n vectors of V is a basis for V;
ii. any linearly independent set of vectors of V may be extended to a basis
%
i if L is a subspace of V, then there exists a subspace M of V such U
V = L@ M, where @ denote the direct sum.
13
(c) Let P, = E a;rt @ a; € R,n € N be the set of all polynomials of
i=0 T L :
degree < n with real coeflicients.
i If S = {2,z,x—2% x+2"} is a subset of Py, then find the dimension of {

ii. Show that B ={l,(z—1),(z— 1)2, (= 1)3} ig a basis of Ps.

(a) Define the range space R(T) and the null space N (T') of a linear transformat
T from a vector space V into another vector space W.
Find R(T) and N(T) of the linear transformation T : R® — R3, defined by
T(x1, T2, T3) = (21 + 232 — T3, T2 + 23,71 4 xs — 223).
Verify the equation dim V" = dim(R(T)) + dim(N(T')) for the above linear tra
formation 7T
(b) Let T : R® — R3, defined by T(z,y,2) = (¢ +2y, ¢ +y + 2 z) be a lin
transformation and let By = {(1,1,1), (1,2,8), (2, =1, 1)} and
By ={(1,1,0); (0,1,1),(1,0,1)} belbases of IR3.
i. Find the matrix representation of T' with respect to the basis By;
ii. Using the transition matrix, find the matrix representation of T with resp
to the lﬁasis Bs.
(a) Define the following terms:
(i) rank of a matrix;
(i) row reduced echelon form of a matrix.
(b) Let A be an m x n matrix. Prove the following:
(i) row rank of A is equal to column rank of A;
(i) il B is a matrix obtained by performing an clementary row operation ol

then 4 and B have the same rank.
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(c) Find the rank of the matrix
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0. Define the term adjoint of A as applied to an n x n matrix A = ().
(a) With the usual notations, prove that

A-(adjA) = (adjA) - A = detA - 1.

Hence prove the following:
i. det(adj A) = (det A)"";
ii. adj(adj A) = (det A)"*A.
(b) Let P,@ and R be square matrices of the same order, where P and R are non-

singular. Let O be the zero matrix of the same order. Prove that the inverse of

the block matrix
S N
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-(¢) Find the determinant of

1 1 1 il

1 1-Ea 1 1
il il ] <= RIS
S | L el /

where a,b,c € R.

6. (a) State the necessary and sufficient condition for a system of linear equations (g
consistent.

Reduce the augmented matrix of the following system of linear equations
ane +apry = b .
(21T -F QooXn = bz.
" to its row reduced cchelon form and hence determine the conditions on the
zero real numbers aqy, aia, Qo1, G2z, by and by such that the system has E
(i) a unique solution;
(ii) no solution;
(i) more than one solution.

(b) Find the condition on the real numbers by, by, by and by for the system of li

equations
Ty —23+3za+x5 = by
201+ X0 — 2x4 — x5 = b
: Ty + 220 + 2@ + Az = by
B
To+ a3+ 524 +0xs = by
*
to be consisteny.
Find the solution of the above system if by = —3,by = 5, by = 6 and by = =2,

(c) State and prove Crammer’s rule for 3 x 3 matrix and use it to solve

28] — DL+ 223 = T
Xy + 229 — 4zy = 3
3xy —4day —Ozy = Bb.



