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Q1. Define what is meant by a vector space.

(a) Let Mmyn be the set of all real m x n matrices. For any two matrices
A = [a;5lmxn and B = [bijlmxn in Mpmxn, and for any a € R define an

addition @ and scalar multiplication © as follows:

[af}']mxn @ [bij]mxn == [aij e bij]mxru
a@© [aij]mxn — [aaij]m}{n
Prove that (Muxn, ®, ®) is a vector space over the field R.

(b) Let Wy and W3 be two subspaces of a vector space V over a field I and
let A; and A, be non-empty subsets of V. Show that
i) Wy + W, is the smallest subspace containing both W; and Wy,
g
(11) ifi&l spans Wy and A, spans W, then Ay U Ay spans Wy + Wa.

(c) Let V be the vector space of all functions from real field R into K. Which

of the following subsets are subspaces of V7 Justify your answer.
W= (reve 1(3) =L,

() Ws = {f €V : £(7) = (1)},

(i) Wa={f €V : f(—z) = f(z), Yz € R}.



Q2. (a) Deﬁhe‘ the following:
1. A linearly independent set of vectors,
i1, K basis for a vector space,
ul. Dimension of a vector space.
(b) Let V be an n—dimensional vector space. Show that
. 1. A linearly independent set of vectors of V' with n elements is a basis
for V,

1. Any linearly independent set of vectors of V may be extended as a

- basis for V,

ii. If L is a subspace of V, then there exists a subspace M of V such
that V = L @ M,

Q3. (a) Let T be a linear transformation from a vector space V into another
vector space W. Define
(i) Range space R(T),
(i) Null space N(T).
Find R(T) and N(T) of the linear transformation 7 : R® — R® defined
by T{z,vy,2) = (20 +y+ 32,32 —y + z,—4z + 3y + 2).
Verify the equation dim V' = dim(R(T)) +dim(N (7)) for this linear trans-
formation.
(b) Let T: R? » R? be a linear transformation defined by
T(r,y) = (¢ 42y, 22 —y, —z) and let By = {(0,1), (1,1)} and
B, ={(1,1,0), (0,1,1),(1,0,1)} be bases for R®. Find
¥
(1) The matrix representation of 7' with respect to the basis B,
(ii) The matrix representation of T with respect to the basis B, by using
the transition matrix,

(iii) The matrix representation of 7' with respect to the basis B, directly.



Q4. (a) Define the following terms H x\\

(1) Rank of a matrix,

I(ii) Ethelon form of a matrix,
(iii) Row reduced echelon form of a matrix.
(b) Let A be an m x n matrix. Prove that

(1) row rank of A is equal to column rank of A,

(11) if B is an m x n matrix obtained by performing an elementary row

operation on A, then r(A) = r(B).

(c) Find the rq,nk of the matrix
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(d) Find the row reduced echelon form of the matrix
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Q5. (a) Define the following terms as applied to an n x n matrix A = (a;;).
(i) Cofactor A;; of an element a;;
(i1) Adjoint of A.
a
Prove that

A-(adjA) = (adyA) - A =detA -1,

where I is the n x n identity matrix.

b T

1 2 3

i~ 7 | dhow that
W
1 w w? ol

detA = (z — y)(z — 2)(z — w))(y — 2)(y — w)(z — w).



Q6.

(c) Find the inverse of the matrix

; S o
: s
A=k .5

(a) State the necessary and sufficient condition for a system of linear equa-

tions to be consistent.

Consider the following system of linear equations

ar +by = ¢

cr+dy = fie

Reduce the augmented matrix of the above system of linear equations

to its Tow reduced echelon form and hence determine the conditions on

a,b,c,d,eand i such that the system has

(1) a unique solution,
(i1) no solution,

(iii) more than one solution.

(b) State and prove Crammer’s rule for 3 x 3 matrix and use it to solve

£1+ 282 — %3 = —4
3ry 4+ Sy — T3 = —5
271+ z2 + 223 = 5

(c) For what value of A does the system

B ]

s+y+ t = 4

2z
Tz +9Y

r—3y—2

has a solution. Find the general s

value of A.

=
+ 2 =: H
— 10t =A

olution of the above system for thi



