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Section A

1. lirate rvhat is mealt to say that two norms in a, Irormed liuear space

are equivalelt.

(a) If {r1,rr,...,cn} is a set ol linearly independent vecto$ in a

norrned linear space X, then therc exists a number ft > 0 such

that

11 f ao"r ll> rllal
i=1 t=l

ol scalals nb\2,,. . ,rln." for eve$, choice



UBe this re6u1t to prove the following;

i. Every finire dimensiona,l subspace of X is complete;
I

ii. Any two rorms ou a flnite dineosional [ormed linear space

are equiva,lelt.

(b) b unitary space Cn two norm6 ll.lr ana 11.l, are defined bJ,

llolll : lrll + la,l +... + lx"l

lrl,: v[;-.-]f'Et.: 'jl,P
where o _ (x1,x2,..,,4).

Prove that for every c € C",

1

- S l'li' { lr lr s llrl .'\/n

2. Define the term "bounded linear operator" from a normed linear space

into anotller no"med linear space.

(a) Let 7 be a linear operator from a normed linear space X into a

normed linear space Y. Show that the following statements are

equivalent.

i. T is conliruous aL the origin:

ii. ? is continuous;

iii. ? i5 bounded.

(b) If 
" 

is a linear operator from a normed linear space X otto a

normed llnear space Y, then show that the inve$e operator

T | : { -+ X exists and is boutrded i{ and only if there exists

, & > 0luch that

ll "k) ll>frll ,ll Vr€x.



(c) Shorv that the operator ?: l2 -+ 12 dcfined by

r@):Qr,), ,o:$, ,-1q,1

bounded-

/

is linear and

3. Sltate the Hahn Banach theorcm for normed linear soaces.

(a) Let X l.,e a normed linear 'pace and lcr ro / lr be 
^nv 

elemenl

of X. Prove that there exists a bounded linear ftrnctional 9 on X
such that I 911= i and 9(ro) = Iro ll.

Deduce th;r,t if /(r) = /(9) for every bourded linear firnctioral on

XNhel].s=A.

(b) Let 1/ be a closed lineat subspace of a normed linear space X and

let ro € X\1-, andletd =inf{ll y - co ll: s e Y}. Show that

lher( Fxist{ a LJoundpd linear funcrional / definr'd on X srrch rhar

ll / il= 1, l(Y) = {0i and l("0) : a.

a (a)

(c)

(b)

D,:fine the following terms in a normed linear sDacc:

i. Schauder basis;

ii. Absolutely convergent sedes.

Let e1 = (0,0,...,1r',0,..), l, € N. Prove that the sequence

(ei)p, is a schauder basis for the sequence space Ie If 1 ! p < rx].

Provlthat a normed linear space is complete if and only if every

absoift,ely convergent series is convergent.

Prove that the dual space of lr is l*.(d)



, $ection B

5. Dcffne the following terms;

. Topoiogy on a set;

r Subspace of a topological space;

. Closed 6ub$et of a topological spa,ce.

(a) Let X be a non-empty sct a&d let (Y, r) be a topological space. Let

f:X -+Y andforAqY,define / 1(1) ={r'€X:/(s) €,4}.

Prove that {f-r(B) : B e r} is a topology on X.

Is it true that any closed 6et in a topological subspace is closed in

its topological Bpace? Justify your answer.

(b) Let 1 and i2 be two topologies on a non-empty set ,{.

Is rr U rz is a topology on X? Justify your answer.

6. l-]e6ne the following terms in the topological space.

. Sepa.rated set;

. Connected set.

{a) Lei X be a fopological space. Prove the following:

i. X is disconnected if and only il thcre cxists a non-empty

, proper subset of X which is both open and olosed.
I

ii. If X is conlected and / is a cominuous lunction defined ou
,- {, ".,-.I uhe{/(X) is connerred.

iii. X i. dir"oon""t"d if and only if there e*rsts a conLinuous func-

tion of X onto a two point space {0, 1}.

(b) Prove that a subset of lihe rcal lin€ R having more 1,han one point

is connected if and only if it is an intervai.



ry*/

7. l,et f be a,function from a topological space (X, ix) into a to

space (Y,7y).

oloF,rcaI

(a) What, is mcant by that / is continuous at a point r0 € X?

(b) Prove that, J is continuous on X ifand only if, l-1(G) is open in

X, for every open subset G in Y.

(")

(c)

Is it true that if ./ is continuous on X then the image of a closed

set in X is closed in Y? Justify your answer.

Prove that f is continuous on X ifand only if/-1(A0) S {"/ t(.4)}'

fcir every subset ,4 of Y.

If I is coniinuous and Z is a subspace of X, show that the

rest ction af f to Z is continuous.

8. De$ne :

Frechet space (fi);

Housdorf space (72).

Prove that every Housdorfi space is a Frechet space.

Is the conve$e true? Justify your answer.

Prove that a topological space X is a Frechet space if and only if

every singleton subset of X is ciosed.

Prove that every subspace of a Flechct space is also a Frechet

space.

(d)

(u)

(b)

(")


